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£^ ' In this paper we present a scheme for constructing the coherent 

states of Klauder-Perelomov's type for a particle which is trapped in 
qh Poschl- Teller potentials. 



1 Introduction 



Coherent states are one of the important concepts in physics today (for 
review see references [1,2,3]). The original coherent states based on the 
Heisenberg-Weyl group has been extended for a number of Lie groups with 
square integrable representations, and they have many applications in quan- 
tum mechanics. In particular, they are used as bases of coherent states path 
integrals [4] or dynamical wavepackets for describing the quantum systems 
in semiclassical approximations [5]. 

Many definitions of coherent states exist. The first one defines the usual 
coherent states as the eigenstates of the annihilation operator a~ for each 
individual oscillator mode of the electromagnetic field 
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a \z) — z\z) (1) 

Here [a~,a + ] = 1 ((a - )^ = a + ) and 2 is a complex constant with conjugate 
z. The unit normalized states \z) are given by 

, ,2 00 n 

\z) = e"^ E 4t \ n ) ( 2 ) 
n=o Vnl 

where \n) is an element of the Fock space Ti = {\n) , n > 0}. 

A second definition of coherent states for oscillators assumes the existence 
of a unitary displacement operator 

D (z) = exp (^za + — za~^J (3) 

whose action on the ground states |0) give the coherent states (2) parametrized 
by z. The unitarity of D(z) ensures the correct normalization of \z). In view 
of the canonical commutation relation [a~,a + ] = 1, the second definition is 
equivalent to the first one. 

A third definition is based on the Heisenberg uncertainty relation with 
the position x and momentum p given, as usual, by 

x = -j= (a~ + a + ) and p = —j= (a + — a~^J , (4) 

the coherent states defined above have the minimum-uncertainty value AxAp = 
I and maintain this relation in time (temporal stability of coherent states). 
Coherent states have two important properties. First, they are not orthogo- 
nal to each other. Second, they provide a resolution of the identity, i.e., they 
form an overcomplete set of states. Following the first approach, a formalism, 
in which coherent states are defined as eigenstates of a lowering operator, has 
been proposed by Gazeau and Klauder for an arbitrary quantum mechanical 
system [6] (see also the references [7 — 9]). 

Recently, we gave a complete classification of states minimizing the Robert 
-son-Schrodinger uncertainty relation for an exactly solvable quantum system 
[10—11]. We obtained the so-called the generalized intelligent states . This 
approach follows the definition of coherent states related to the optimization 
of Heisenberg relation of familiar harmonic oscillator coherent states. But, 
up to now, a formalism defining the coherent states for an arbitrary quan- 
tum system as the action of some displacement operator on a reference state 
(coherent states of Klauder-Perelomov kind) has not been considered in the 
literature as far as we know. 
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Hence, the main purpose of this letter is the construction of the coher- 
ent states of Klauder-Perelomov's type for a quantum mechanical system 
evolving in the Poschl- Teller potentials. 

The paper is organized as follows. In section 2, we review the factorization 
of the Poschl- Teller Hamiltonian and we introduce creation and annihilation 
operators which will be useful for our purpose. Section 3 is devoted to the 
definition of the set of coherent states of Klauder-Perelomov's Type for the 
quantum system under consideration. In section 4, we discuss and compare 
the three definitions of coherent states. Other properties such as stability in 
time, overcompleteness, and resolution to the unity are discussed. Conclud- 
ing remarks are summarized in the last section. 



2 Creation and annihilation operators 

We start by recalling the eigenvalues and eigenvectors of a particle trapped 
in the Poschl- Teller potentials of trigonometric type. The corresponding 
Hamiltonian is given by [12] 

H = -^ + V - Ax) (5) 
where V > (x) is the family of Poschl- Teller potentials indexed continuously 
by the parameters k > 1 and k > 1 : 



1 
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K{K~~ 1) i K [K — 1) 

^ 2 (ir) «» 2 (&) 



oo x < , x > na 



It is also called, sometimes, the Poschl- Teller of first type. Clearly, this a 
smooth approximation for k, k — > 1 + of the infinite square- well potentials 
over the interval [0, na] . The Poschl- Teller potentials is closely related to 
several other potentials which are widely used in molecular and solid state 
physics like (i) The symmetric Poschl- Teller potentials well (k — k > 1), 
(ii) The Scarf potentials \ < k < 1 [13] , (iii) The modified P6schl-Teller 
potentials which can be obtained by replacing the trigonometric functions by 
their hyperbolic counterparts [12, 14], (iv) The Rosen-Morse potential which 
is the symmetric modified Poschl- Teller potentials [15]. Many interesting 
properties of the Poschl- Teller potentials was recently reexamined at classical 
as well as at quantum levels, in a nice paper by J-P Antoine et al [8] . The 
Hamiltonian H can be written in the following factorized form 

H = a + ,a~ , (7) 

K,K K,K K ' 
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where the annihilation a , and the creation a + , operators are given by 

«■ «■ K,K 1 



in terms of the superpotentials W K K > (x) 



X 



2a 



/■ccotg I — I — k tang — 



x 



2a 



(8) 



(9) 



The normalized eigenstates ip n (x) and the corresponding eigenvalues e n are 
given by 



1p n {x) = C n (K,K) 



i r 

2 



COS 



X 

2a 



sin 



2a 



-t n 



COS 



X 

.a, 



(10) 



where c n (/t, k) is a normalization factor that can be evaluated, and 

e n = n(n + K + K^j ra = 0,1,2,... (11) 

In Eq. (10), the P^'^'s stand for the Jacobi polynomials. 

We define the actions of the creation and annihilation operators on the 
eigenstates \if) n ) as follows 



< ;K ,|Vn> = V( W + 1 )( W + 1 + « + «') e_<a(2n+1+ ' S+,S) |V'n + l) (12) 

a^l^n) = v /n(n + K + / t ')e^ 2 "- 1+K+K ')|^_ 1 ) (13) 

where the real parameter a plays an important role in the temporal stability 
of coherent states. This remark will be clarified in the sequel of this letter. 
From the equations (12) and (13), one can verify that the operators a+ R , and 

a~ /satisfy the following commutation relation 



a ,a , 



G K , K > (N) 



where 



G K K > (N) = G = 2N + k + k + 1 
and the operator N is defined by his action on states \ip n ) as 

N\4> n ) = n\ij n ) 

We note that N ^ a + ,a~ , = H. 



(14) 
(15) 

(16) 
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3 Coherent states of Klauder-Perelomov's type 

In view of the second definition of coherent states (CS) for the standard har- 
monic oscillator, we define the CS of Klauder-Perelomov's type for a particle 
submitted to Poschl- Teller potentials as follows 

\z,a)= exp (za+ K , - zaT^J) |V>o) , z G C (17) 

So, we have to compute the action of the unitary operator 

D(z)=e W (za+ K ,-za- K ,) (18) 

on the ground state |^o) of the system under consideration. Using the action 
of the annihilation and the creation operators on the Hilbert space H. = 
,n — 0, 1, 2, ...} (Eqs. (12) and (13)), one can show that the state \z, a) 
can be written, in a compact form, as 



\z 



) «) = E a n(l^l)^ e " Men |^n) (19) 



n=0 



The quantities a n (\z\) in (19) are defined by 

MM) 



r(n + i)r(n + K + K+j) cM) (2Q) 



\ r(« + «' + i) 

and the coefficients c n (\z\) are given by 

+oo f— \z\ 2 Y /n+1 n+1 ij-i+l 

cn{\A) = E|^5i ( E e « E E % ] (21) 

Setting 



vil=l 12 = 1 



n+1 ii+1 

?r(n+ = e h E e i2-- E e h > and 7r(n + l,0) = l (22) 

ii=l 12=1 *j=l 

one can verify that the 7r's satisfy the following relation 

ir(n + l,j)-ir(n,j) = (n + \){n + k + k + 1)tt (n + 2, j - 1) (23) 

Using this recurrence formula, it is not difficult to show that the c n (|z|)'s 
satisfy the following differential equation 

\z\ dCn d ^ = c„_! (\z\)-nc n (\ z \)-( n +l)(n+l + K+K) \z\ 2 c n+1 (\z\) (24) 
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Hence, solving this equation, we can explicitly obtain the Poschl- Teller 
coherent states of Klauder-Perelomov's type. The solutions of the differential 
equation (24) for k + k' e N \ {0, 1, 2}, are of the form 

^(ki) = ^fi;^iU( coah ( 2 i 2; i)) > (25) 

because the Jacobi functions 8 satisfy 

^tl )n _,(cosh (2 \z\)) = nfij^^coah (2 \z\))-(n + 21) fi^Ucosh (2 |*|)) 

(26) 

where I = — \{k + k + 1) and m is free integer or half-integer parameter. It 
is clear that the differential equation (24) admits several solutions depending 
on m. However, an admissible solution in our case is obtained by noting that 
D(z = 0) = 1 (unit operator). Recall that the Jacobi functions are defined 
by [16] 

B^ n (cosh(2x)) = r(/ + n + l)r(/-n + l)(coshx) 2i (tanhx) n ~ m x (27) 

+2? (tanhx) 2 * (r (s + l))' 1 (T (I - n - s + l))' 1 
V , T(n-m + s + l)T(l + m + l) 

s=max(0,ra— n) v ' v ' 

where / is any complex number, and m, n are both integer or both half- 
integers. These functions play an important role in the representation theory 
for the group QU (2) of unimodular quasi-unitary matrices. Then, using the 
definition (27), we obtain the unique solution compatible with the condition 
D(z = 0) = 1 

C «(N) = («*(2 |*|)) (28) 

which can be written also as 

/ / 4- n n li I ^ I \ 

(29) 



tanh 


\z\ 




z\ 





The coherent states of Klauder-Perelomov's type take now the form 



\z,a) = (l-tanh 2 |z|) l(K+K+1) ^ I 

n=0 

F(n + 1 + k + k) 

r(n + i)r(i + k + k) 



ztanh 


z\ 




z 





n 

I X 



2 



o _ lan{n+K+K ' } ^ ^ 
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Finally, setting ( 

K,«) : 



; tanh | . 



-, we obtain 



\z, a 



(i-ICI 2 ) 

ian(n+K+K ') |^ \ 



2 \ §(«+«'+!) 



T(n+ 1 + k + k') 

^ Lr(n + i)r(i + « + «') 



EC 



X 



(31) 



The parameter £ is restricted by |£| < 1. 
The identity resolution is 

J |C,a) (C,«|^(C) = /: 
where the measure is given by 



H 



* (i-ICI 2 )' 



(32) 



(33) 



There are two main consequence arising from the former result. First, one 
can express any coherent state | £ , a ) in terms of the others 



The kernel (£, a \ (' , a) is easy to evaluate from (31) 



(34) 



(C,a | C ,a > = (1 - Kl J 



2 \ i(K+Ki'+l) +°° 



x 



r(n + 1 + K + *Q <(«+<,')»(»+*+«' 



n=0 



r(n + i)r(i + « + «') 



7T e 



(35) 



The coherent states are normalized ((C, a| C a ) — 1)> but they are not or- 
thogonal to each other. 

Second, an arbitrary element state of the Hilbert space 7i , let us call it 
|/), can be written in terms of the coherent states 



l/> = J /(C,C)lC,«)^(C) 

where the analytic function 



(36) 



+1) 



'., +00 



/(c,c) = (i-ICI 2 ) 

e -ian{n+K+n) ^| ^ 



n=0 



r(n + l + « + 

r(n + i)r(i + K + kT 



X 



(37) 
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determines completely the state \ f) E Ti . 

Let us now consider the dynamical evolution of the coherent states. More 
precisely, we have 

U(t)\(,a) = e- im \(,a) = \(,a + t) (38) 
The coherent states are stable temporally. 



4 Other kinds of coherent states 

It is well known that, and as we mentioned in the introduction, there are 
three different group-theoretic approaches to coherent states [1 — 3]. These 
approaches follow three possible definitions of the familiar Glauber coherent 
states [17] of a harmonic oscillator. In a similar way, we have developed 
(section 2) the formalism in which coherent states, for Poschl- Teller poten- 
tials, are generated by the action of the displacement operator on the ground 
state. In a second approach, developed recently by Gazeau and Klauder 
[6 — 7], one deals with eigenstates of the annihilation operator. This sec- 
ond definition follows the Barut-Girardello construction of the su(l, 1) co- 
herent states [18]. The third definition of coherent states is related to the 
optimization of Robertson-Schrodinger (R-S) uncertainty relation [19 — 20]. 
States that minimize (R-S) uncertainty relation are called intelligent states 
[10 — 11,21 — 24]. These different definitions of the coherent states for an 
arbitrary quantum system coincide only in the special case of the Weyl- 
Heisenberg algebra that is the dynamical symmetry of a quantized harmonic 
oscillator. For other quantum mechanical systems, like a particle in the 
Poschl- Teller potentials, these different approaches lead to distinct states. 
Relation between various sets of coherent states should be studied by devel- 
oping a formalism that provides a unified description of these different states 
for an arbitrary quantum system. This matter remains an open problem. 

In this section for review purposes, we give the main properties of Gazeau- 
Klauder coherent states [6] and intelligent states (states minimizing the R-S 
uncertainty relation) [10], for the Poschl- Teller potentials in order to com- 
pare various sets of coherent states obtained following the standard three 
definitions. 



4.1 Gazeau-Klauder coherent states 

The so-called Gazeau-Klauder coherent states [6 — 7], defined as eigenstates 
of the annihilation operator a~ K , 
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a , \z, a) — z \z, a) z e C, a e R (39) 
are given by [8, see also 10] 

+oo „n„—ian(n+n+K ) 

|*, a)=JV(|*|)£ I M (40) 

n =o ^/r (w + 1) r (n + K + K + 1) 

for a particle trapped in the Poschl- Teller potentials of trigonometric type 
(k, k > 1). The normalization constant Af (\z\) is given by 

/ 

^=i3m> (41) 

where I K+K > (2 \z\) is the modified Bessel function of the first kind. 
The resolution of unity is explicitly given by 

J \z,a) (z,a\dn{z) = I n (42) 

where the measure can be computed by using the inverse Mellin transform 
[25] (for more details, see [10 — 11]). 



dfi (z) = -I K+K , (2r) K K+ , (2r) rdrd^ ; z = re* (43) 

The Gazeau-Klauder coherent states are continuous in the labelling z and a. 
They form an overcomplete family of states (identity resolution) and satisfy 
the identity action 

(z, a\ H \z, a) = \z\ 2 (44) 
One can verify that the states \z, a) (eq 40) are stable temporally, i.e. 



iHt 



z, a) = \z, a + t) (45) 



Clearly, the Gazeau-Klauder coherent states (40) are different from the ones 
constructed a la Klauder-Perelomov (31). 

4.2 States minimizing the Robertson-Schrodinger un- 
certainty relation 

Using the creation and annihilation (a + / and a~ ,) operators, we introduce 
two hermitian operators 

W = W KR , = -= (a + , +a~ ,) P= P KK > = ^fa+ , -a 



(46) 
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which satisfy the commutation relation 

[W, P] = iG n ^ = iG (47) 

It is well known that the variances (AW) 2 and (AP) 2 obey the Robertson- 
Schrodinger uncertainty relation 

(AW) 2 (AP) 2 > X - ((G) 2 + (F) 2 ) (48) 

where the operator F is defined by 

F = {W - (W) ,P - (P)} (49) 

The symbol {,} stands for the anticommutator (for more details see the 
references [10 — 11]). The states minimizing the Robertson-Schrodinger un- 
certainty relation satisfy the eigenvalues equation 

(W + i\P)\z,\,a) = zV2\z,\,a) (50) 

which can be written also as 

' X " A ) a tn' + ( X + A ) a ~ K ] \ Z > A ' «) = 2Z \ Z > A ' «) ( 51 ) 

The parameter A G C is called, some-times, the squeezing parameter. 
In the states satisfying (50), we have the following relations 

(AW) 2 = |A| A (AP) 2 = ^-A (52) 



A 



with 



A=-^(Gy + (Fy (53) 

A complete classification of the solutions (generalized intelligent states) of 
(50) was obtained in [10] for an arbitrary exactly solvable quantum system. 
Here, we are interested by the situation where |A| = 1. In this case, we have 

(AW) 2 = (AP) 2 (54) 

and the states satisfying the equation (50) with |A| = 1 are called generalized 
coherent states. They are given by [10] (up to the normalization constant) 

\z,\,a) = U(z,\)\i(> ) (55) 
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where the operator U (z, A), providing the state \z,X,a) by acting on the 
ground state |-0 O ), is given by 



u(z,\) = j: 



n=0 



2z \ 1 , (X 
-a 



1 + X) H K - K V A + 



l) h fe"') 



(56) 



Coherence and squeezing of the generalized intelligent states was discussed 
in [10]. Here also it is clear that the generalized coherent states (|A| = 1) ob- 
tained by minimizing the Robertson-Schrodinger uncertainty relation are dif- 
ferent from two sets of coherent states discussed before (Klauder-Perelomov 
and Gazeau-Klauder ones). 

The generalized coherent states \z, A, a) equation (55), obtained by mini- 
mizing the Robertson-Schrodinger uncertainty relation, generalize the Gazeau- 
Klauder ones. Indeed, the latters are obtained by simply setting A = 1. The 
states \z,X — l,a) = Eq. (51) are eigenstates of the annihilation operator 
a~ K i- In this case (A = 1), we get 

(AW) 2 = (AP) 2 = \ (G) (57) 

where the average value of G is 

(G) = (z,X = l,a\G KtK ,(N)\z,X = l,a) 

, ,x 2\z\ 2 Fi(2 + k + k',\z\ 2 ) 

= (1 + k + k) + - j- ) 58 

V > (l + « + «) 0J Pi(l + « + «',k| 2 ) 

in terms of the confluent hypergeometric function Fi (a, x) [16] . 
Note that 

(G) > 1 + k + k (59) 

which traduce the fact that the dispersions (AW) 2 and (AP) 2 are greater 
than |, unlike the case of the harmonic oscillator in which we have (AM^) 2 = 
(AP) 2 = \. 



5 Concluding remarks 

In this article, we have defined coherent states of Klauder-Perelomov's type 
of a particle trapped in Poschl- Teller potentials. They present an impor- 
tant differences from the ones derived a la Gazeau-Klauder and by mini- 
mization of the Robertson-Schrodinger uncertainty relation. To close this 
letter, let us mention that the results obtained here can be extended to in- 
troduce coherent states of Klauder-Perelomov's type for the infinite square 
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well potential. We should also quote Nieto and Simmons [26] , who have 
considered the Poschl- Teller potentials as exemples of their construction of 
coherent states for confining one dimentional potentials. More recently, the 
classical limit of coherent states for Poschl- Teller potentials was investigated 
[27]. The states constructed in [26,27] have a totally different meaning from 
the ones discussed in this work. In fact, here we deal with coherent states 
of Klauder-Perelomov's kind. Moreover, the so-called Gazeau-Klauder co- 
herent states and ones minimizing the Robertson-Schrodinger uncertainty 
relation are more general than ones constructed in [26, 27] . We believe that 
the recent results on the coherent states constructions [6 — 7, 10 — 11] (see 
also [28]) can be used to understand the quantum properties as well as the 
classical limit of the Poschl- Teller coherent states. On other hand, in view 
of the results discussed through this work, a natural question arises. For 
an arbitrary quantum system, what formalism unifies the description of the 
various kinds of coherent states within a commun frame? We believe that 
the answer to this will establish relations between different types of coherent 
states to understand the physical basis of their mathematical properties. Our 
work is a first step in this sense. More details and further developments on 
this subject will be submitted for publication in the near future [29] . 
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